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Constructing Haar wavelet synopses with guaranteed maximum error on data approximation has
many real world applications. In this paper, we take a novel approach towards constructing
unrestricted Haar wavelet synopses under maximum error metrics (Lo ). We provide two approx-
imation algorithms which both have linear time complexity and a (log N)-approximation ratio.
With the space complexity of O(log N) and O(N) respectively, the two algorithms have the ad-
vantage of being both simple in structure and naturally adaptable for stream data processing.
Unlike traditional approaches for synopses construction that rely heavily on examining wavelet
coefficients and their summations, the proposed methods solely depend on examining the original
data and are extendable to other findings. Extensive experiments indicate that these techniques
are highly practical and surpass related ones in both efficiency and effectiveness.

Categories and Subject Descriptors: G.2.2 [Mathematics of Computing]: Graph Theory; H.3.5 [Information
Systems]: Online Information Services; H.2.8 [Database Management]: Database Applications; F.2.0 [Theory
of Computation]: General; H.4.0 [Information Systems Applications]: General

General Terms: Algorithms, Languages, Performance
Additional Key Words and Phrases: Harr Wavelet, Error Tree, Approximation Algorithm, Data
Compression, Synopsis

1. INTRODUCTION

Widely used in signal and image processing, the wavelet technique has been considered
very promising for data compression and query approximation in database domains [11].
Recent research has applied wavelet synopses to summarize data streams for approximate
queries [7; 9]. The basic idea of constructing a wavelet synopsis of a data vector, with size
N, is to first transform the data vector into a representation with respect to a wavelet basis.
Then the data vector is approximated by retaining M coefficients as the wavelet synopsis
and setting those remaining to 0 implicitly.

A conventional approach is to find M coefficients to minimize the overall mean squared
error (Lo) [14]. This can be solved gracefully by applying the Parseval’s theorem [3].
However, the main drawback of this approach is that users cannot control the approxima-
tion error of individual elements in the data vector. This severely impedes further appli-
cations of the wavelet approximation. To alleviate this, researchers have made efforts to
construct wavelet synopses with guaranteed maximum (absolute or relative) error in ap-
proximation [3]. Two approaches for constructing wavelet synopses on maximum error
metric L., have been taken: one is to construct bucket bound (size bound) synopses which
would minimize the maximum approximation error of single data elements [4] whilst the
other is to construct the smallest size of synopses such that the maximum approximation
error does not exceed a given error bound [12; 13]. The details are explained below.
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Bucket bound synopses: The goal is to construct a synopsis of at most B Haar wavelet
coefficients to minimize the maximum error L.

The bucket bound (size-bound) synopses have been studied intensively [3; 4; 5; 8; 9;
10]. The construction of synopses has O(N?) time/space complexity [4]. Several methods
have been proposed to improve the performance [5; 7; 9]. Guha et al [6; 7] indicate that
the restriction to Haar wavelet coefficients for synopses is not a good strategy and extend
to the construction of synopses not restricted to Haar wavelet coefficients. They tackle the
problem of building unrestricted bucket bound synopses in time O((5)2N log N log”B)
through using rounding techniques and resolution parameter § on error bound A. Karras et
al [10] improve the result close to O((%)QN log N). Nevertheless, many real applications
suggest the construction of error bound (A-bound) synopses as stated below.

Restricted error-bound synopses: Given an error bound A, the goal is to find M,,,, a
Haar wavelet synopsis with the smallest set of coefficients among all possible solutions,
that would satisfy the A bound on the maximum error (i.e., Lo, < A) in approximation.
M,,, is called R-optimal as each element in the synopsis is restricted to be a coefficient.

The error bound synopses have been studied by Muthukrishnan and Guha [5; 12]. Their
approaches for this problem are basically similar to those for bucket bound synopses. The
construction of the optimal synopsis M,, has O(N?) time complexity. Furthermore, the
construction of “unrestricted” error-bound synopses are yet to be fully studied, despite
being quite beneficial in practice.

For example, when compressing a high frequency time-series data such as the phys-
iological data from surgery operations, users would not be concerned if the synopsis is
restricted to be wavelet coefficients. They may trade off the sizes of synopses for time effi-
ciency. Any methods with high time cost may not be applicable effectively. They are more
interested in the methods that can construct smaller-sized synopses efficiently. Examples
of physiological data include Electrocardiogram (ECG), Arterial Blood Pressure (ABP),
Central Venous Pressure (CVP) and respiration etc.

Motivated by the above, we have the following problem.

Unrestricted error-bound synopses: Given error bound A, the goal is to find S,p, a
synopsis with the smallest set of unrestricted coefficients among all possible solutions,
that would satisfy the A bound on the maximum (absolute/relative) error. S, is called
U-optimal as each element in the synopsis is not restricted to be a coefficient.

Fortunately, extended from the idea of [6; 7] on unrestricted bucket bound synopses,
Karras et al propose an efficient algorithm' for the U-optimal problem under two param-
eters § and A. This most recent result (KSM algorithm) uses the dynamic-programming
framework and has O((%)ZN ) time complexity. Theoretically, their algorithm can obtain
an U-optimal solution through (iteratively) using smaller § values. The execution time of
their algorithm greatly depends on the value of § and A: It derives a smaller sized synop-
sis under a smaller § value but requires a greater length of time?. Refer to Section 8 for
detailed comparison tests.

Given a data vector and an error bound A, the objective of this paper is to provide
efficient algorithms for constructing an unrestricted synopsis S’ such that the maximum

1The MinHaarSpace algorithm of [10]. It is termed as KSM algorithm in this paper.
2 As stated in [10]: Smaller () values burdened the running time without significant quality increase; larger (8)
values were undermining the quality of the synopses.
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approximation error of each single data element is bounded by A and S is quite close to
Sop in size.

Contributions: We first propose two linear algorithms to construct the unrestricted error
bound synopses: Fixed-value Shift (F-Shift) algorithm and Sliding-value Shift (S-Shift)
algorithm. F-Shift is an approximation algorithm for the unrestricted absolute error-bound
problem while S-Shift can be viewed as an optimal version of the former. That is, S-Shift
always generates smaller (or equal) sized synopses than that of F-Shift. Compared with
conventional approaches, our contributions in this paper can be summarized as follows:

(1) We present novel approaches in construction of unrestricted synopses under the maxi-
mum absolute error bound. The traditional methods usually work on the decomposed data
(coefficients) and then find the retained coefficients either by checking the combinatorial
path summations [5; 7; 10; 12] or by retaining the most “significant” coefficients [9]. In-
stead, we construct synopses by utilizing the shift transformation upon “data scope”, which
will be explained later in detail.

(2) We provide the first computationally efficient and effective approximation algorithms
for construction of unrestricted error bound synopses. Let IV be the size of the data vector.
Our two algorithms, F-Shift and S-Shift, both have linear time complexity. F-Shift has
O(log N) space complexity and S-Shift has O(NV) space complexity. They are (log V)-
approximation algorithms. Let Sy and Sg represent the synopses constructed by our F-
Shift and S-Shift algorithms respectively. Then |Ss| < |Sp| < |Sop|log N holds. How-
ever, this property does not hold for R-optimal synopsis M,,. We indicate the size of
M, can be very large even if S, is very small (Example 4.6). This result suggests that
unrestricted synopses such as Sg or Sg can be preferable to restricted synopses in real
applications.

(3) The shift algorithms are directed by and based on the three novel concepts along with
their relevant properties proposed in the paper: shift transformation, data scope and shift
range. These properties lead to the correctness of the Shift algorithms and the above-listed
features. We show the same methodology can be extended to other findings such as the
construction of synopses on maximum relative error, etc.

(4) The efficiencies and effectiveness of Shift algorithms have been demonstrated through
extensive experiments on both synthetic data and real life data. In terms of effectiveness,
the Shift algorithms generate error-bound synopses with good compression quality. Al-
though the approximation ratio on synopses size is log IV in theory, the practical tests indi-
cate that |Sg| is often quite close to the size of optimal synopses. In terms of efficiencies,
the Shift algorithms dramatically improve the synopses construction time against the KSM
algorithm under a same compression quality goal. Even over very large data sets such as
those with 2'8 values, to construct the same compression quality synopses, the Shift algo-
rithms take less than 1 second while the KSM algorithm can take up to 107 seconds. Refer
to Section 8.2 for details.

More importantly, due to O(log N) space complexity, the F-Shift algorithm can be used
as an online compression algorithm for stream data: the algorithm processes incoming data
progressively and does not require the Haar wavelet error tree to be pre-computed. In the
process of compressing stream data, algorithms with linear (or above) space complexity
cannot be used directly and require a mechanism to segment incoming data into sections
(e.g., fixed windows). In contrast, unlike those existing compression methods including
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Symbol Description
i€ {0.N —1}
D, [do;..;dn—1] | data vector
D Haar wavelet transformation on D
T error tree
Ci, Si coefficient node, shift coefficient node
d;, d; leaf/data node and its reconstruction
path(u) all ancestors of node uin T’
T(c) subtree rooted at ¢
Tr (c)/Tr(c) left/right subtree of T'(c)
A error bound on approximation (> 0)
S set of shift coefficients
SFr/Ss synopsis obtained by F-Shift/S-Shift
M set of Haar wavelet coefficients
Mop/Sop restricted/unrestricted optimal synopsis
T(S) error tree after .S shift transform on T'

Table I. Notations

that for Ly measure, the F-Shift algorithm can compress stream data directly in a synchro-
nized way and can be more efficient in reality as it does not need to wait until the incoming
data reach to a certain volume. To the best of our knowledge, the F-Shift algorithm is the
first compression algorithm with such property.

The rest of the paper is organized as follows. Section 2 explains the basic terminologies.
Section 3 describes the shift transformation and defines the data scope and the shift range
concepts, in conjunction with their related properties. Section 4 introduces the F-Shift
algorithm and its properties. Section 5 is about the S-Shift algorithm. Section 6 is the
extension to relative error. Section 7 is the extensions to other applications. Section 8
reports our experiment results. Section 9 concludes this paper.

2. HAAR WAVELET AND DATA APPROXIMATION

Table I summarizes the notations used throughout this paper.

Wavelets are a mathematical tool for hierarchically decomposing functions. Generally,
the wavelet decomposition of a function consists of a coarse overall approximation together
with detail coefficients that influence the function at various scales [14]. It can generally
be computed in linear time.

The Haar wavelet is the simplest wavelet. The Haar wavelet decomposition of a data
vector consists of a coefficient representing the overall average of the data values followed
by detail coefficients in the order of increasing resolution. Each detail coefficient is the
difference of a pair of averaged values from the lower level.

Suppose we are given data vector D = [19; 17; 12; —4; 7; —1; —3; —7] containing
N = 8 data values. The Haar wavelet decomposition of D can be computed as follows.
We first average the data values, pairwise, to get a new lower-resolution data with values
[18;4; 3; —5]. That is, the first two values in the original data (19 and 17) average to 18,
and the second two values 12 and —4 average to 4, and so on. We also store the pairwise
differences of the original values (divided by 2) as detail coefficients: [12517; 124, THL,
%], which is [1; 8;4; 2]. It is easy to see that the original values can be recovered from
the averages and differences. By repeating this process recursively on the averages, we get
the Haar wavelet decomposition in Figure 1(i). We define the wavelet decomposition Wp
of data vector D to be the coefficient representing the overall average of the original data,
followed by the detail coefficients in the order of increasing resolution. That is, Wp = [5;
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6;7;4;1;8; 4; 2].

The Haar wavelet decomposition can be expressed in an error tree structure [11]. De-
picted in Figure 1(ii), error tree 7" is a hierarchical structure representing the nodes of Wp
and D, where each internal node ¢; represents a wavelet coefficient and each leaf node d;
represents an original data item. We use 7'(u) to denote the subtree rooted at u, T, (u) and
Tr(u) as the subtrees rooted at the left and right child of u respectively.

Given a node u (internal or leaf), we define path(u) as the set of nodes that lie on
the path from the root node to u (excluding ). To reconstruct any leaf node d; through
the error tree 7', we only need to compute the signed summation of nodes belonging to
path(d;). That is,

di - ch Epath(d;) 6ijcj’ (1)

where d,; =+11if d; € T1(c;) and 6;; =—1if d; € Tr(c;). From this property, we have
the following formal definition of an error tree.

DEFINITION 2.1. A binary tree T  is an error tree iff each leaf node d; equals the signed
summation of all the internal nodes of path(d;). That is, each d; satisfies Equation (1).

Being reconstructed from Wp, data vector D can also be approximated with a subset of
Whp. Let d; denote the approximated data value of d; on M C Wp. That is,
d: = e
i ch epath(di)mM(S” €
Rather than obtaining the minimum set M C Wp, that satisfies

max |CL — d1| <A
0<i<N

for a given error bound A > 0, in this paper, we will investigate how to find a close-to-

minimum-sized S such that max \cil(-s) — d;| <A where
0<i<N

ciepath(d;)As;eS

Generally, S is a set of s; obtained from a subset of Wp by representing each c; in the
subset with s;. Equation (2) is the signed summation of S nodes on path(d;). Detailed
discussion on S and its graphic meaning will be given in the next section.

EXAMPLE 2.2. In error tree T of Figure 1(ii), T(cs) = Tr(ce) and T(cy) = Tp(c2).
Data value dy can be reconstructed through the nodes of path(dz), i.e., d2 =5+6+(—7)+8.
Let M ={cy,ca,c3,¢5,c6} and S ={sg, 51, 85} where® sy = 5.5, s1 = 5.75 and s5 = 8.
Then dy = 6 + (—7) + 8, which is 7, and dS°) = 5.5+ 5.75 + 8, which is 19.25.

3. CONCEPTS AND PROPERTIES

In this section, three major concepts of this paper: shift transformations, data scope and
shift range are defined. Some properties for each concept are given. We will firstly show
how to use shift transformations to generate synopses. We then indicate that data scopes
and shift ranges can be used to select shift coefficients and for assigning shift values. With
these results, the general idea of Shift algorithms is given in Section 3.4.

3We will explain why we chose these particular values for s; in Section 3.3.
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3.1 Shift Transformation

Shift transformations supply graphic explanations and meanings for the unrestricted syn-
opses and their formations. In this subsection, we first define shift transformations. We
then show that a synopsis is a set of shift values generated from shift transformations that
transform the error tree to “A-bound” (Property 3.3).

Let ¢; be a coefficient of error tree T and s; be a real value. An s;-shift transformation
at ¢; of T transforms T into 7" =T (s;) through the following steps:

(1) Replace coefficient ¢; with ¢; — s;;

(2) Wheni > 0,
(a) replace each leaf node d of T}, (¢;) with d — s;;
(b) replace each leaf node d of Tr(c;) with d + s;.

(3) When ¢ = 0, replace each leaf node d of T" with d — sg.

s; 1s called the shift coefficient (at c;). In general, suppose that S is a set of shift coefficients
on error tree 7. T'(S) is the tree transformed from 7" through applying the above steps on
each s; € S iteratively. Clearly, T'(S) is well defined and irrelevant to the transformation
order of the elements in S.

From the error tree definition, it can be proven that 7'(.S) is the error tree on the updated
data vector.

PROPERTY 3.1. Let T be an error tree and S be a set of shift coefficients on T. Then
T(S) is also an error tree.

The above property assures that the Shift algorithms introduced in the paper work on an
error tree at each iteration.

EXAMPLE 3.2. (Continued from Example 2.2) Error trees of T ({s5}), T({s1, s5}) and
T{({so, 51, 85}) are expressed from Figure 1(iii) to Figure 1(v) respectively.

A set of shift coefficients .S is called a A-bound unrestricted synopsis (or simply synop-
sis) if |diff(d;)| < A holds for each d; of T where diffs(d;)=d; —d."

Generally, a shift coefficient s; of .S may not have the same value as ¢;. A restricted
synopsis is a synopsis where each s; = ¢; in S. In this paper, a restricted synopsis will
be denoted by M. An optimal (restricted/unrestricted) synopsis is a synopsis that has
the smallest size among all possible synopses. By M, (and S,,) we denote the optimal
restricted (and unrestricted) synopsis respectively. Clearly, |M,,| < |M| and |Sop| < |S|
hold.

Error tree T is A-bound if |d;| < A holds for each d; of T. The following results
can be directly proven from the definition of synopses. It assures the correctness of Shift
algorithms and indicates that a synopsis can be derived from shift transformations.

PROPERTY 3.3. Let T be an error tree.
(1) T(Sop) is A-bound.
(2) Empty set () is a synopsis iff T is A-bound.
(3) Sisasynopsis of T iff T(S) is A-bound.
4) If T is A-bound, then |c;| < A holds for each c; € T.
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Fig. 1. Example (A = 8): Mop = {c1,c2,¢5,¢c6} and Sop = {so,s1,s5}.

Property 3.3(4) can be proven by borrowing Property 1 of [13]. Roughly, if each
|d;] < A, then the averages of any data values are less than A. Thus the averages of
their differences are less than A. That is, |¢;| < A foreach¢; € T.

EXAMPLE 3.4. (Continued from Example 3.2) Let A=8. It can be verified that M, =
{c1,¢2,¢3,¢5,c6} and Sop ={s0, 51,85} hold. M = {cgy,c1,c2,c3,c5,c7} is a restricted
synopsis. Figure 1(v) is T(Sop) and Figure 1(vi) is T(M,p). Clearly, |d;| < A holds for
each d; € T(S,p) (or d; €T (Mop)).

3.2 Data Scope

Property 3.3 shows that a synopsis can be obtained through shift transformations. One of
the remaining questions is which coefficient needs to be shifted or which s; should be in a
synopsis? In order to answer this question, we propose the data scope concept.

DEFINITION 3.5. Let T’ be a subtree of error tree T and S be a set of shift coefficients.
The (data) scope of T' on S is defined as

1 .
scope(T", S) = 3 dngaXT, |diffs(di) — diff's(d;)] -

Intuitively, scope(T", S) describes the data extents of 7”(S) and measures
maxy 4 er(s) |d = dj|

With this concept, we will explain when a coefficient of a subtree needs to be shifted.

Let S be a set of shift coefficients. For simple expressions, we denote {s;|¢; € T'(¢) A
s; € S}, the subset of S that locates in T'(c), by T'(¢) 1.S. The following property suggests
that the exhaustive combinations on path(d;) as in [12; 5] can be alleviated by checking
data scopes.
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PROPERTY 3.6. Let S be a set of shift coefficients. Then, for any coefficient c of T,

(i). scope(T'(c), Mop) < A and scope(T(c), Sop) < A hold;

(ii). scope(T(c),S) = scope(T(c), T(c)MS);

(iii). if scope(T'(c),0) > A, then T'(c) N My, #0;

(iv). if scope(T(c),0) > A, then T'(c) NS’ # 0 holds for any synopsis S’.

PROOF. The proof of (i) can be obtained from the definitions of M,,, S,, and data
scope directly.

The proof of (ii): Let d; and d; be any two data nodes in T'(c). CZES) and cZE.S), the
reconstructed d; and d; on S, are built from the summation of two parts: (a) cZEf ) and dAgf)

from the nodes of (I'—T'(c)) M.S where Jff) :J;f) and, (b) CZEQS) and cig); where azg) and
CZ§§> from the nodes of T'(¢) M S. Since Jﬁls) = dAgj) —Hf,(g) and diffg(dp) = dp, —CZELS) for

h=i,j,
. . (S (S
diffs(d;) — diffs(d;) = (d; —d) — (@; — d')
= (d; —dy)) — (d; —d\)).

That is, |diffs(d;)—diffs(d;)| = |diff7()ns (di) —diffp (s (d;)|. As d; and d; are arbitrary
data of T'(c), (ii) is proven from the definition of data scope.
As the proofs of (iii) and (iv) are similar, we will only prove (iii) in the following.
Otherwise, assume that 7'(c) N M,,, = 0 holds. From (ii), we have scope(T(c), M,,) =
scope(T'(c), D). Since scope(T(c),0) > A, scope(T(c), M) > A holds. Therefore, (iii)
is proven, as it is contradictory to (i). [J

We will call subtree T'(c) scope A bound (or simply, s-bound) if scope(T(c), D) < A,
otherwise, it is s-unbound. T'(c¢) is called 3-bound (i.e., maximal s-bound) if it is s-bound
and T'(¢') is s-unbound where ¢ is the parent node of ¢ in error tree 7. Similarly, denote
T'(c) to be s-unbound if T'(¢) is s-unbound but each of its subtrees is s-bound. Clearly, if
T'(c) is A-bound then it is s-bound. These concepts will be used in the Shift algorithms
and for the size estimation on obtained synopses.

Property 3.6(ii) says that scope(T'(c), S) is unchangeable by shifting any nodes of T —
T'(c). That is, shifting the coefficients that locate outside of T'(¢) will not change the value
of scope(T(c), S). Property 3.6(iii) and (iv) imply that, in order to obtain a synopsis for
the given A, some nodes inside T'(c) must be shifted whenever T'(¢) is s-unbound. This is
the basic property for the Shift algorithms.

EXAMPLE 3.7. (Continued from Example 3.4) For error tree T of Figure 1(ii), T (c4),
Tr(c5), Tr(cs) and T(c3) are 3-bound. T(cy) is also A-bound. The number of 3-
bound subtrees of T is 4. Alternatively, T(cs) is s-unbound. T(c2) is s-unbound as
scope(T(ca),0) = (19 + 4)/2 is greater than A. According to Property 3.6, at least
one coefficient of T'(¢c2) and T'(c5) need to be shifted for a synopsis.

3.3 Shift Range

To obtain a synopsis, Property 3.6 indicates that a shift coefficient in a s-unbound subtree
should be retained or shifted. It is still not clear which specific coefficient should be chosen
and in what value, considering that the shift coefficient s; will usually not have the same
value as coefficient c¢;. These questions will be answered in this subsection. Explicitly, we
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will show how to convert an s-unbound subtree into an s-bound subtree by applying a shift
transformation on its root node. We then give the definition of the shift range. Generally,
the shift range on coefficient ¢; is a range of values for s; to choose from.

In the following, Property 3.8 actually points out a method of converting an arbitrary
error tree into a A-bound tree through shift transformations. Significantly, it shows that
only node ¢; where T'(¢;) is s-unbound and/or node ¢( need to be shifted in the process of
generating a synopsis from bottom-up.

PROPERTY 3.8. Let T’ = T'(c;) be a subtree of error tree T rooted at node c; (i > 0)
and A > 0 be a given error bound.

i.. If ' is s-unbound for A, then there exists s; such that T'(s;) is s-bound.

ii.. If error tree T is s-bound but not A-bound, then there exists s such that T'(sg) is
A-bound.

PROOF. The proof of (i). Let dy, and dr_ (or dg, and dg,) be the largest and small-
est data values of T, (¢;) (or Tr(c;)) respectively. Since T” is s-unbound, the following
Equations hold.

dLg — dLS < QA, ng — dRs < QA, 3)

max{dLg, ng} — min{dLS y dRS} > 2A. (4)
In order to convert 7” into an s-bound one, the shift coefficient s; should satisfy:
—2A < dLg —8; — (dRS + 51) < QA,
—2A < dR_q +8; — (dLg — Sz) < 2A.
Since dr,, —dg, > —(dr, —dLr,), the above equation can be simplified into:
(dLg—dRS)/Q—A<5i<—(ng—dLs)/2+A- ®))
By Equation (3), since
[—(dr, —dr,)/2+ Al = [(dr, — dr,)/2 — A]
= 2A —[(dr, —dg,) + (dr, — dr,)]/2
> 0,

the existence of s; is proven.

The proof of (ii). Suppose that d,; and d, are the largest and smallest data values of
T'(co) respectively. Let 1 = (dg+ds)/2 and l; = (dy—d,) /2. To convert T into a A-bound
one, s should satisfy

7A<.’£1711780,
1+l —s9 < A,
or equivalently,
|3§1750| <A —I. (6)

From the assumption that 7" is s-bound, A — I3 > 0 holds. Therefore, Equation (6) has
solutions and T'(sg) is A-bound for each solution sy of Equation (6). [
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It should be noted that 7" (s;) is not guaranteed to be s-bound if we choose s; to be ¢; in
Property 3.8(i). Similarly, in Property 3.8(ii), T'(so) may not be guaranteed to be A-bound
by setting sq to be cg. That is, ¢; (or ¢g) may not satisfy Equation (5) (or Equation (6)).

The above proof is constructive. The proof also illustrates what values the shift coef-
ficient needs to be chosen from. For instance, in the proof of Property 3.8(i), T"(s;) is
s-bound for any s, that is in the range of Equation (5).

Furthermore, a special situation of Equation (5) is to minimize the scope of 7" (s;): in
addition to being s-bound, shift the two intervals of (dr., —s;, dr, —s;) and (dr, +s;,dr, +
s;) enclosed, i.e., one interval subsumes another. In this situation, it can be verified that s;
satisfies the following equation:

min{(dp, —dg,)/2, (dr,—dRr,)/2} < s;
S; S max{(dLg—ng)/Z (dLs_dRS)/2}~
Let ZL:(dLg_dLS)/Q, lR:(ng_dRs)/2, :L’L:(dLg-i-dLs)/Q and $R:(ng+dRS)/2.
Equation (7) can be rewritten into
|($L—$R)—28i‘ §|lL—lR|. (8)

The existence of s; in Equation (8) can be proven from Equation (7). We will use Equation
(8) to select the values for s; whenever T'(¢;) is s-unbound rather than through Equation
(5). In Section 5.2, we will explain why we do not use Equation (5) in our approach.

)

DEFINITION 3.9. Let T' = T'(c¢;) be a subtree of error tree T and A > 0 be a given
error bound. The shift range of ¢; (i.e., range(c;)) is defined as follows.

a.. ifT' is s-unbound, then range(c;) = [s;,5;| where
si=[(wr —ar) = llL —l&ll/2, 5 =[(xL —zr)+ |l — Irl]/2,

derived from Equation (8).
b.. ifT' = T(co) is s-bound but not A-bound, range(co) = (S0, 50) where

so=21—(A—1l), So=x1+(A—11),

derived from Equation (6).
c.. ifT" is s-bound, then range(c;) = [si, ;] where s; = 5; = (v + Tr)/2.

As we will explain in the latter sections, the S-Shift algorithm will employ “modified”
shift ranges in the process of generating a synopsis. Clearly, s; = (x,—xr)/2, which will
be used in the F-Shift algorithm constantly, is a solution of Equation (7).

EXAMPLE 3.10. In Figure I(iii), range(c1) = [5.5,6] from Equation (8). That is,
T({s1}) is s-bound for any sy € range(c1). The data interval [ds,d,] of T'(s1) slides
between [—1.5,13.5] and [—2, 13] for s1 € range(c1) with the same data scope ly = 7.5.

In Figure I(iv), T is s-bound. range(co) = (5.25,6.25) by Equation (6). T'({so}) is A-
bound for any sy € range(cy). Data interval (ds,dy) of T({so}) slides between (—7,8)
and (=8, 7). Specifically, T({so}) for so = 5.5 is the error tree of Figure 1(v).

3.4 Idea on Shift Algorithms

The properties of shift transformations, data scopes and shift ranges will be used to shape
the Shift algorithms. Normally, Shift algorithms work bottom-up from the data vector. It
applies a shift transformation on the root node of a current s-unbound subtree repeatedly.
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Algorithm 1 F-Shift(D,A)

Input:
D, the original data vector; A, the specified error bound.

Output:
A synopsis B. That is, the set of shift coefficients that satisfies A bound.

Description:

1: B=0; F=0 {Initialize the synopsis and set F'}
2: define f = (z, 1, n) {z and I describe the current shift range; n is the number of data in the current subtree }
3: ford; € D do

4: f=1(d;,0,1);add fto F

5: while there exist f; = (x;,1;,n;) and f,- = (2, l,-, n,) in F, such that n; = n,. do
6: set dg =max{z;+1;, ©,.+1,} and dg =min{z; —1;, . -1}
7: if (dy — d. > 2A) then

8: setb=(z; —x,)/2,l=maz{l;, I} and x = (z; — b)

9: else

10: setb=0,l=(dg—ds)/2and z=(dy+ds)/2

11: end if

12: add f = (z,1,2n,) o F

13: delete f; and f, from F'

14: if b # 0,addbto B

15: end while

16: end for

Ensure: there is only one element, f = (z,l,n),in F
17: if |z| > |A —l|,add z to B
18: return B

Each shift transformation converts the s-unbound subtree into a s-bound subtree through
properly chosen a shift value from the shift range. When the process comes to node cj,
the algorithms may shift node ¢y making the current 7'(cy) be A-bound. Eventually, the
set of shift coefficients is the synopsis. For instance, let us consider the error tree 7" of
Figure 1(ii). The F-Shift algorithm first works on the s-unbound subtree T'(cs5) and derives
T({ss5}) depicted in Figure 1(iii). It then works on the next s-unbound subtree, which is
T'(c1) in Figure 1(iii), and derives T'({s1, s5}) depicted in Figure 1(iv). Repeating these
steps, the F-Shift algorithm derives T'({sq, s1, $5}) ultimately.

The major difference between the F-Shift and the S-Shift is that they use different strate-
gies on choosing shift values. Unlike the F-Shift where the shift values are set to be average
values (i.e., (x,—x r)/2) from bottom up, the S-Shift algorithm generate synopsis Ss from
two phases: the bottom-up phase and the top-down phase. In the bottom-up phase, it com-
putes range(c) from range(cy,) on the left subtree and range(cgr) on the right subtree in
a “modified” way by generalized Equation (8) and Definition 3.9. Its objective is to fuse
the maximum overlapped data range on each subtree. In the top-down phase, it instantiates
the values of selected shift coefficients within the ranges to compute synopsis Ss from top
down. Details will be given in the next two sections.

4. F-SHIFT ALGORITHM

As depicted in Algorithm 1, the F-Shift (Fixed-value Shift) algorithm employs the data
scope and shift technique to obtain a synopsis in bottom-up from the data vector. It does
not need to construct Wp or T previously. This is because that a shift transformation on
¢ € T actually only works on data of Ty (c) and Tr(c) in an opposite way and can be
described by the data “intervals” of T7,(c) and Tr(c).

In this section, we first describe the F-Shift algorithm. We then study the complexity of
F-Shift and discuss the upper bound on the synopses generated from it.
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Step LineNo f F assigned values
1 ) (19,0,1) (19,0, 1)
2 4 (17,0,1) (19,0, 1), (17,0, 1)
3 6 dg=19,ds =17
4 10 l=1,z=18
5 1214 (18,1, 2)
6 4 (12,0, 1) (18,1, 2), (12,0, 1)
7 4 (—4,0,1) (18,1, 2), (12,0, 1),

(—4,0,1)
8 6 dg=12,ds=—4
9 8 bg=8,1=0,z=4
10 12—14 (18,1, 2), (4,0, 2)
11 6 dg=19,ds =4
12 10 1=7.5,z=11.5
13 12—14 (11.5,7.5,4)
14 4 (7,0,1) (11.5,7.5,4), (7,0, 1)
15 4 (—1,0,1) (11.5,7.5,4), (7,0, 1),

(—1,0,1)
16 6 dg=7,ds=—1
17 10 1=4,2=3
18 12—14 (11.5,7.5,4), (3, 4, 2)
19 4 (—3,0,1) (11.5,7.5,4), (3, 4, 2)

(—3,0,1)
20 4 (—7,0,1) (11.5,7.5,4), (3, 4, 2)

(=3,0,1),(=7,0,1)

21 6 dg=-38,ds=—T7
22 10 1=2,2=-5
23 12—14 (11.5,7.5,4), (3,4, 2),

(—5,2,2)
24 6 dg=7,dg=—T7
25 10 Il=7,z=0
26 12—14 (11.5,7.5,4), (0,7,4)
27 6 dg =19, dg = —7
28 8 by =5.75,1=7.5,

x=>5.75

29 12—14 (5.75,7.5,8)
30 17 (5.75,7.5, 8) bg=5.75

Table II.  Running Steps of Example 4.1

4.1 Description of F-Shift

Roughly, the F-Shift algorithm constructs a synopsis from dy up to dy—; gradually on-
wards (lines 3). This progressive feature is desirable in on-line processing of stream data.

Line (7 — 11), is the key part of the algorithm. It uses a “fixed” value to convert an
s-unbound subtree into an s-bound one. It constructs f = (x,!, 2n) from f;, = (x1,lp,n)
on the left subtree and fr = (wr,[r,n) on the right subtree. Suppose that dr, and dp,,
are the largest and smallest data values on the left subtree. Each data in the subtree is in
the interval of (dz,,dr,). In fp = (zr,lp,n,br), xp =(dr,+dr,)/2 is the mean of dr,,
and dp,, I, =(d,—dy,)/2 is the data scope, n is the number of data in the subtree.

If the current subtree is s-unbound, a shift transformation is required (Line 8). Let the
shift value b= (x, —xg)/2. Clearly, such b satisfies Equation (8). Line 17 decides s, the
shift value of ¢y. This step is based on Equation (6). If |z1| > A — [ then shift ¢g into 2
that satisfies Equation (6).

Property 3.1 guarantees that Line (5 — 15) works on an error tree at each iteration.
Property 3.3 assures that the final B of the F-Shift algorithm is a A-bound synopsis. The
value of each shift coefficient is assigned according to the designated shift range.

EXAMPLE 4.1. Considering error tree T of Figure 1(ii), F-shift algorithm generates
s5 = 8, 81 = b.75 and sy = 5.75 incrementally and eventually obtains the synopsis
S = {85, 1, S0} through the steps in Table II.

4.2 Complexity and Upper Bound

In the F-Shift algorithm, the parameters on a node are derived from the parameters on the
two children nodes with a constant number of operations. Since there are N number of
nodes that need to be processed at most, the total time required to compute B (i.e., S) is
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O(N).

As the algorithm works in bottom up from the data vector, the space complexity of
F-Shift is O(log N). This is because that each s; of Sr needs to be derived from the
information on nodes {ca;, ¢a2;4 2, Ca3; 42212, ... }, one node at each level of T'(¢;). That s,
log N in number.

To estimate |Sg|, let the number of s-bound subtrees of T be t;. Since the F-Shift
algorithm needs to shift the root node of two adjacent s-bound subtrees to make it s-
bound, it needs to shift at most £, — 1 nodes to make T" become s-bound. Again the F-Shift
algorithm may need to adjust ¢y node at the last step to make 7" A-bound. Therefore,
|Sp| <1+ts — 1. Thatis, |Sp| < ts. Thus the following lemma is proven.

LEMMA 4.2. Let the number of s-bound subtrees of T is ts. Then |Sg| < ts.

Moreover, the above bound on Sg is “tight”: it can easily find a example such that |Sp| =
ts. However, this bound is not applicable to restricted-optimal synopsis M,,: It can be
either | M,,| < ts or |M,,| > ts.

EXAMPLE 4.3. In Figure I(ii), since t; = 4 and |M,,| = 5,
Figure 2(i), since ts=4 and |M,,| =2, |Mop| <ts hold.

Mop| > ts hold. In

Furthermore, we have |Sr| < |S,p|log N. This is because, for each ¢; that satisfies
|T(c;) M S| = 1, there exist s; such that s; € Sy, M T(c;) (Property 3.6(iii)). Let
S be the set of all s;. Then Sy C S,,,. As the number of ancestors of s; is bounded by
log N, |Sp| <|Ss|log N < |S,p|log N holds. In summary, we have proven the following
theorem for this section.

THEOREM 4.4. Let D be a data vector with size N and A > 0. Suppose S is the set
of shift coefficients obtained from F-Shift algorithm on D and A. Then

—SF is a synopsis;
—the time and space complexity of F-Shift algorithm are O(N ) and O(log N) respectively;
—the size of Sy is bounded by min{t,, |S,,|log N'}.

EXAMPLE 4.5. In Figure 2(i), it can be verified that M,, = {c4,c7} and Sp =
{50, 82, 83} for s = 3.5, so = 4 and s3 = —4. From Equation (8), range(cs) = [3,5]
and range(c3) = [—4.5,—3.5]. It can also show that S,, = {s5, sy} for si =5 and
sh=—4in Figure 2(ii).

Besides |Sp| > [S,p|, the above example also indicates that choosing proper shift values
can reduce the size of Sp. This topic will be discussed in Section 5. In contrast, as
indicated in the following example, the size of R-optimal |M,,| can be very large even if
|Sop| is quite small.

EXAMPLE 4.6. As depicted in Figure 2(iii), D is the data vector that is formed by
repeating Dy, = [19;17;4;4] and Dg = [7;—1;—3;—7] on its left and right subtree
respectively. Let A = 8. It can prove that Sp = {sy = 5.75,s1 = 5.75} for each
N = 2" > 8. It can also show that |M,,| = N/4 + 2. For instance, M,, = {co, c1, ca,
¢s, C12, 14} when N = 16.
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Fig. 2. Example.
Algorithm 2 S-Shif((D,A)
Input:
D, the original data set; A, the specified error bound; 7', the error tree.
Output:
B, the set of shift coefficients that satisfies A bound.
Description:
1: B =  {Initialize the synopsis set}
2: ford; € D do
3: fn+i = (en+i, di, di, 0,0);
4: end for
5: {Bottom-Up Phase A: Compute B and f; = (ci, ®i, %5, 1, g:) from fa; and faiy1 from bottom-up (Refer to Sec-
tion 5.1.1)}
6: {Top-Down Phase B: Compute each value of B, fa; = (c2i, T24, T24, l2s, g2i) and fait1 = (C2i41, T2i41, T2i41,
l2it1, g2i+1) from f; =(cqi, x4, T4, i, gi) (Refer to Section 5.1.2) }
7: return B

5. S-SHIFT ALGORITHM

The S-Shift (Sliding-value Shift) algorithm is aimed at constructing a smaller sized syn-
opsis. As indicated in Formula (8) of Section 3.3, there exist many shift values other than
b= (xy —xpr)/2 that used for the F-Shift algorithm. As an extension of the F-Shift algo-
rithm, S-Shift algorithm employs shift ranges and “late binding” on shift values to compute
a synopsis to diminish the number of shift coefficients. In particular, the strategy behind
S-Shift is that first find the set of coefficients that need to be shifted along with their fused
shift ranges from bottom-up and then instantiate a proper shift value for each selected coef-
ficient from its range to obtain a synopsis in top-down. In this way, some shift coefficients
in S can be evaporated away through fusing the shift ranges on their subtrees.

In this section, we will firstly describe the S-Shift algorithm in detail along with a run-
ning example. We then show that S-Shift is the “optimal” F-Shift and has linear time/space
complexity in Section 5.2.

5.1 Description of S-Shift

Depicted in Algorithm 2, the S-Shift algorithm has two phases in function: Phase A
(bottom-up phase) and Phase B (top-down phase). In Phase A, it marks the coefficients
that need to be shifted and computes the reduced shift range from the ranges on the left
and right subtrees. In Phase B, it locates a feasible shift value within the shift range for
each marked coefficient generated in Phase A.
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To obtain a synopsis®, the S-Shift algorithm computes and stores f = (¢, 2,7, [, g) in
bottom-up for each coefficient c¢: [ is the scope of the current T'(c); ¢ is a flag indicator
that specifies ¢ need to shift if ¢ is assigned to 1. The interval [z, 7] indicates that the data
interval [ds, d,4] of T'(c) can slide from [z — I,z + ] to [T — [, T + {] and can be denoted as
[ — I,z 4] for z € [z, T] in general.

The detailed descriptions and proof for the two phases are given in the next two subsec-
tions.

5.1.1 Phase A (line 5) description. The central part of this phase is to compute f =
(¢,z,7,1,g) from left child fr, = (cr, 2L, ZL, Iz, g1) and right child fr = (cr, ZRr, Tr,
lr, gr) based on the following two facts:

(i). I <Aandlr < A;
(ii). each data dy, of Ty, (c) is in interval R(zr) = [z — I,z 4 I1] and each data dg
of Tr(c) isininterval R(zgr) = [tr — g, g+ Igr] forzy, € [z, Tr| and xRk € (xR, TR).

To obtain f = (¢, ), the procedure first checks whether coefficient ¢ need be shifted
then computes the parameters accordingly. Clearly, coefficient ¢ do not need to shift if and
only if 3z, x g, where z, € [z1,Tr] and zg € (xR, Tg], such that®

max |d' —d’| <2A. 9)

d' €R(zr)
d"€R(zr)

Roughly, the idea of this phase is as follows:
(1) If Formula (9) holds, obtain = such that R(x) is enclosed in every R(zr) U R(zR)
that will be illustrated in Step (A2) and Step (A3) in the following.
(2) Otherwise, shift coefficient ¢ and obtain = such that R(x; — z) and R(zgr + x) are
enclosed that will be illustrated in Step (A1) in the following.

More specifically, the computation of f = (¢, 2,7, 1, g) from fr = (cr,xr, Tr, lr, 91)
and fr = (cr, TR, TR, lr, gr) Works as follows:

Al.. Compute parameters when ¢ needs to be shifted. Coefficient ¢ need to be shifted if
min|a:L—xR\+(lL+lR)22A. (10)

This means that current 7'(c) is s-unbound no matter what values of x;, € [z, Zr] and
TR € (xR, Tg) are assigned. In this situation, coefficient ¢ need to be shifted into s. In
order to minimize the scope of T'(s), s should satisfy Formula (8). Furthermore, s need
to accumulate the shift ranges from 77, (c) and Tr(c). Therefore, it need to replace s; of

Formula (8) with x = z; — s; (or x = g + s;) to acquire the shift range of x:
(vp +xr) — |l — Ir| £ 22 < (zp +2Rr) + |l — IR

By replacing (zr, + xr) with (x, + x ) on the left and with (Z7 + Zx) on the right in the
above formula,

(xp +2r) — |lp —lg| <22 < (Tp +Tr) + |lL — g

4For easy descriptions, in S-Shift algorithm, we add c in f(c,_) and use [z, 7] rather than [s, 3] as in Defini-
tion 3.9.
50r, equivalently, |z7, — x| + (Iz +Ir) < 2A as expressed similar to Formula (10).
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Based on this formula, set

=[(zr +2zr) = |l = IRl)/2,
= (L +7r) + |l — Ir[]/2,
= max{ly, lg} and g=1.

A2.. Compute parameters when c does not need to shift and
|ZL — ZR| < min\xL — SCR| < 2A — (ZL + ZR)

holds. In this situation, although T'(¢) is s-bound, there exist a unique maximum over-
lapped data range (i.e., x = T) and the minimized scope of T'(¢) (through adjusting x, and
xR) is large than max{l;,lr}. Set

I=( +1r +min|zy, —zg|)/2and g = 2.

Since the upper data interval needs to move downwards and the lower interval needs to
move upwards, two cases exist:

—Ifxy, >xp,setzandTtobe (I +2,+Tr—Ir)/2as v+l=I 42 and e —l=Tr—IR.
—Ifzp <zpg,setzandTtobe (Ip+axpr+Tr—Ir)/2as a+l=axr+lgrand z—I=T—IL.

A3.. Compute parameters when c does not need to shift and
min|zrr, —xzr| < |l — Ig|

holds. Under this situation, the maximum overlapped range can be located in many places
(i.e.,z < 7). Set

l=max{lL, g} and g = 3.

If [, > lr, move the shorter scope (Ir) to be included by the longer scope (I1). Using x
to replace z, in the above formula,

—lp —lg| <z —ar < |lp —IRg],
rp <x<7TL.

This implies,
max{zy, 2r—|lr—Ir|} <2z < min{Zz, Tr+|lL —Igr|}.
Similarly, if I, < g,
max{zr, 21— |lr—Ig|} <2z < min{ZTg, T +|lL—g|}-

Therefore,
(1) ifly > IR, set

z=max{zr,zr—|lL—Igr|},
T=min{Zr, Tr+|lL—Irl}.

2) Ifly <lIg,set

cz=max{zgr, zr—|lr—Ig|},
T=min{Zg, Tp+|lr—Ir|}
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5.1.2  Phase B (line 6) description. The objective of this phase is to assign a proper
shift value® for each {c;|f; = (c;,2:,%7,1i,9i) A (9 = 1)} and narrow down the range
[ﬂ , ;] into an instance value x; of r; < 2; < T; from top-down starting at co.

First, it computes sg, the shift coefficient at ¢y and an instance value from [z, T7] to

satisfy the selected sq. By replacing x; with z; (and Z7) in Formula (6), it obtains
ﬂ—(A—ll) < So <.’1?71+(A—ll).

If so’s range includes 0, then ¢y does not need to shift and let so = 0. Otherwise, set sg =
(z1 + Z1)/2. It can prove that |z — so| < |l; — A|. Add s into B and set sum(x) = so.

With the instantiated so, we need to instantiate data range [, 77| into « to satisfy the
selected sg. Such x should satisfy,

—(A — ll) <r < (A — ll),
T1— S0 <& K T1— So-
In the above two formulas, the first one comes from Formula (6) by replacing z; — so with
x while the second means that x; = x + sp. Set
z=T=max{— |li —A|, z1—so} +min{|l; —A|, T1—s0})/2

Next, update fr, = (cz,_), fr = (cgr,_) into’,

{ fL = (CLax7L - sum(x),ﬁ— 5um<x)alngL*>7
fr = (cr,xr — sum(z),Tr — sum(z),lr, gr-)-

Iteration Step: With the obtained f = (¢,z,7%, 1, ¢) and sum(zx), zy, in fr, = (cr,-) and
zrin fr = (cg, -) will be instantiated from the following cases.
BIl:. When f = (c,z,%,l,9) A (g = 1) holds, Since |2}, —zz| < |lp — lg|, 2} €
[ﬂ — 8¢, XL — Sc] and ‘T/R € [@4’ Scy TR + Sc],
—|lL—lr| <zp—2% <|lL—Ig|,
xp < ah+s. <7Tr, (11)
2R < ¥R —5. < TR.
If l;, > lg, set 2}, = x. First, derive the ranges of (s, 5;) by Equation (11). Then set
S¢ = (Sc + 5)/2. Again from Equation (11) and s, derives (ﬁ, @) and set 2, =
(2 + @) /2.
If i1, <lg, set 2’ =x. Similar to the above, find ', and s.
B2:. f=(c,z,7,1,9) A (g =2) holds. Set s, = 0, 2, =z, and 2, =TR.
B3:. f = (¢,z,7,l,9) A (g = 3) holds. Set v, = 0. Since |2} —z'5| < |lp — g,
xp =z and zp =1,
—|lL—=lr| <zp—2% <|lL—Ig|,
xp < afp < T, (12)
zr < 2R < TR.

Similar to (B1), except that s. = 0 in this case.

6There may exist many feasible shift values for c;. Without loss the generality, we assign a “middle” value in the
range in our approach.
"In fact, this step update f2 and fs.
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Next, process the children nodes after doing the following:

Add s, into B if s.#0,
Set sum(xp)=sum(z)+s. and sum(xg)=sum(x)—s.,
Set fr = (cL, 27, 27,10, 91) and fr = (cr, ¥R, ¥R, IR, 9R)-

A Running Example: The idea of S-Shift algorithm is illustrated in the following on the
example of Figure 2(i).

In Phase A: For each s-bound subtree T'(c;), set f; = (¢;, (ds+dy)/2, (ds+dg) /2, (dg—
ds)/2,0) where d,; and d, are the max and min data in T'(c;) respectively. Therefore,

f4 = (C4a7a 7757O)a f5 = (057 717717’?%0)7
fG = (667 _27_273a0)7 f7 = (677636a4,0)'

Next, the algorithm generates f; from fo; and fo;41. Using fy and f5 to generate fo =
(c2,22,T32,12, g2), a shift coefficient s, is required as T'(c2) is s-unbound. g5 is set to
1 indicating that co needs to shift. As indicated in Example 4.5, sy € range(ca) where
range(cz) = [3,5]. For sy € range(cy), the data interval [d, dy] of T'(s2) slides from
[—3,7] to [—1,9] with data scope o = (dy — ds)/2 = 5. [x2, T3] is used to describe the

data interval of [—1,9] V [-3,7] = [-3,9] and is set to [-3 + 12,9 — l2] = [2,4]. Asa
result, fo = (co,2,4,5,1). Similarly, f5 = (cs3,1.5,2.5,4, 1) can be derived.
Now, it comes to compute fi = (ci,21,%1,l1,91) from fo and fs3. Coefficient ¢;

will not need to be shifted if the data scope [y < A. Furthermore, /; can described by
[z2 — lo, 2 + lo] V [z3 — I3, 23 + 3] where x5 € [2,4] and x5 € [1.5,2.5]. To minimize
[x2 —l2, 22 +12] Vx5 — 3,23+ 3], I1 is set to max{ls,l3} = 5 as the data scope of T'(¢1)
can not be shorter than max{ls, {3} and z1 € [z, T7] satisfies,

—|lo = l3| <@ —xg <|la — 3],
ro < w1 < Ta.

Intuitively, the first equation in the above means [z3 — I3, 3 + 3] C [x1 — 1,21 +11]. The
following is then derived:
1 =max{zy, x3—|la—I3|} = 2, Tr=min{7T3, Tz+|lo—I3|} = 3.5.

Up to now, this phase has selected the set of shift coefficients {ss, s3}. Their specific
values will be determined in Phase B.

In Phase B, First, it decides sg, the shift coefficient at ¢y and an instance value from
[1, 1] to satisfy the selected sg.

By replacing x; with z; (and 771) in Equation (6), it obtains
2—(75-1)<sp <35+ (7.5-1),

which is sg € (—4.5,10). Since 0 € (—4.5,10), it means that ¢y does not need to shift.
Next, it need to select x € [x1 — So, T1 — So] from

—‘A—l1| <z < |A—l1|
to support the selected sy (Equation (6)). Clearly, an instance of the above equation is

z=7T=(max{—|A—U|, z1—s0} + min{|A—1|, T1—s0})/2 =2.25

that results f1 = (¢1,2.25,2.25,5, ).
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Similarly, the following equations is used to derive the instances of x5 in f2 and x3 in

fs.

—‘12—13| < xo—x3 < |12—13|, —1l<axys—2x3<1,
Ty < 22 < 7o, = { 2< 1< 4,
r3 < r3< T3, 1.5 <z3<2.5.

Set 9 = x1 = 2.25 as I > I3 and find one feasible solution is 3 = (1.5 4+ 2.5)/2 = 2.
Thus, fo = (c2,2.25,2.25,5,1) and f3 = (c3,2,2,4,1).

To find the value of sy from fo = (¢2,2.25,2.25,5,1), f4 = (c4,7,7,5,0) and f5 =
(¢c5,—1,—1,3,0), we have the following equations:

7‘l4fl5| <Ty—x5 < |l47l5|, —2 < xy4—x5 < 2,
z4 < x4+52 < T, = § Tats2 =17,
x5 < x5—52 < Tp. Tr5—Sy = —1.

Set x4 = x9 = 2.25 as Iy > l5 and find one feasible solution for s9 is 4.75. Similarly, it
can derive s3 = 4.

5.2 The property of S-Shift

In the bottom-up phase of the S-Shift algorithm, each f = (¢, -), derived from f;, = (¢, -)
and fr = (cg, -) with a bounded number of operations, requires O(1) time. Since there
are N number of nodes that need to be processed, the time required in this phase is O(N).
The space complexity of this phase is also O(N) as each f = (¢, _) is required in the
top-down phase. In the top-down phase, each f = (c, -) is used either to instantiate a value
for an element of B or to narrow down shift ranges. This phase requires O(/N) in both
memory and time for processing N number of nodes. Therefore, the total time/memory
requirement of the S-Shift algorithm is O(N).

With regard to the size of Sg, the synopsis constructed from the S-Shift algorithm relates
a varied form of U-optimal problem, which is called U-scope-based-optimal problem that
stated as follows.

DEFINITION 5.1. Given data vector D = [dy;dy;...;dn—1] and error bound A, the
U-scope-shift-optimal (Us-optimal) problem is to find Sy, a synopsis with the smallest
set of unrestricted coefficients among all possible solutions, such that

i. Sopt is a synopsis. That is, Hifﬁgs°pt)| < A holds for0 <i< N —1;

ii. T;(S;) is s-unbound for each s; € Sop where S; = Sopr — {8} and T; = T(c;) and
i > 0.

Roughly, the difference between U-optimal problem and Ujg-optimal problem is that
s; can be chosen from a s-bound subtree in a U-optimal problem but cannot be so in a
U,-optimal problem.

As mentioned early, Phase A minimizes the scope of each subtree and uses Equation (8)
rather than Equation (5) to compute ranges. One issue of concern is that this approach of
minimization may result in the lose of generality (i.e., a smaller sized synopsis may exist
if uses Equation (5)). The concern is clarified in Property 5.2.

PROPERTY 5.2. Let T;, = T1(¢;) and T;, = Tg(c;) be the left and right substree of
Ti = T(Cl)
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(1) If s; € Sop and s; does not lead to the minimal scope of T;(Sop) from Ty, (Sopt)
and T;,, (Sopt). Then there exists s} that can minimize the scope of T;(S,pi) such that
(Sopt — {8:}) U{s} is a synopsis.

(2) Suppose coefficient c; is not shifted (i.e., s; & Sopt). Let S = T(c;) M Sopt, St =
Tr(ci) M Sopt and Sp = Tr(c;) N Sops. We use ds and dg (d}, and d’Lq, dy, and
dp, . respectively) to denote the smallest and largest data of T;(S) (T, (Sh), Tr{(Sh),
respectively) where S (or S%,) is obtained from Sy, (or Sgr) by assigning different
values to some of its elements. If d, < min{d}_,dp } and max{d} ,dp } < d,,
then (Sopt — SL) U ST, (Sopt — Sr) U Sk and (Sep — S, U Sg) U ST, U S}, are
synopses.

PROOF. We only prove (1) as (2) can be proven similarly.

Letd, and d (dr, and df,, or dg, and dg,) be the largest and smallest data values of
T (Sopt) (T1{Sopt) or TrR(Sopt)) respectively where T; = T'(c;). Since s; is not maximum
overlapping the scopes of 17 (S,p¢) and Tr{Sopt), (dr, — 5i > dr, + 5:) A (dp, — s5i >
dp, +si) or (dr, — s8; < dr, +5;) A (dr, — 8; < dp, + ;) holds.

If (dLg —8; > ng +Si) /\(dLS —8; > dRs +Si), let S; = min{dLg —ng, dLS —dRS}.
It can be proven that

{ max{(dr, —s;), (dr, +5;)} < max{(dr,—s;),(dr,+5:)},
min{(dz, —s;), (dr, +s:)} <min{(dr, —s}), (dr, +5})}.

That is,

max{(dr, — s7), (dr, + s7)} < dg,
{ ds < miﬁ{(dLs — sg)\, (dgr, + )}
Let d;, = max{(dr, — s;), (dr, +5;)} and d; = min{(d, — s7), (dr, + s})}. The above
formulae imply that (|d, — | < A) A (|dy — | < A)if [dy — v < Aand |[ds — 7] < A.
Therefore, (Sope — {5:}) U {s]} is a synopsis by definition.
Similarly, it can be proven that the result for the situation of (d L, — 8 < dg, + 8i) A
(dLS —s5; <dp, + Si)- O \ \

Intuitively, Property 5.2 means that S,,; can always be constructed by minimizing the
scopes of subtrees. Since the S-Shift algorithm checks all possible shift values that lead to
the minimized scopes of subtrees, the following theorem is proven.

THEOREM 5.3. Let D be a data vector with size N and A > 0. Suppose Sg is the set
of shift coefficients obtained from S-Shift algorithm on D and A. Then

—Sg is an optimal synopsis for the Us-optimal problem (i.e., |Sg| = |Sopt| and |Ss| <
|Skl);
—the time and space complexity of S-Shift algorithm are O(N);

—the size of Ss is bounded by min{ts, |S,,|log N'}.

In the above theorem, the bound on |Sg| is directly obtained from Theorem 4.4.

6. ON RELATIVE ERROR

In this section, we will show that our idea can be used to construct the unrestricted synopses
on maximum relative error. Minimizing the maximum relative error may be more essential
compared to absolute error minimization in approximate query processing. This is because
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Algorithm 3 F.-Shift(D, 5): algorithm on relative error

Input:
D, the original data vector; E, the specified error vector.

Output:
A synopsis S,.. That is, the set of shift coefficients that satisfies A bound.

Description:

1: S, = 0; F = 0 {Initialize the synopsis and set F'}
2: define f = (k, s, S) where k is the number of data covered
3: ford; € D do

4: f=00Q,di —A;,di +Aj);add fto F

5: while there exists a f; = (k, s;,5;) and f, = (k, 5,-,5,) in F do
6: if (sr,57) N (s1,5;) = ( then

7 setb = [(s1+57) — (sr +57))/4

8: sets = min{s] — (s; — 57)/2, 57 + (51 — sr)/2}
9: set s = max{s; — (5] — s)/2, sy + (s1 —57)/2}
10: else

11: setb =0

12: set 5 = min{s,, 5/}

13: set s = max{s,, s;}

14: end if

15: replace f; and f, with f = (2k,s,s)in F

16: addbto S, ifb # 0
17: end while

18: end for

Ensure: there is only one element, f = (n,s,s), in F'
19: if 0 & (s,5) then

20:  setb = (s+3)/2;add binto S,

21: endif

22: return Sp

the same absolute error in two different data values may express huge differences in relative
error. With the same idea used in the Shift algorithms, we shall briefly present the results
on relative L in this section.

Let data vector D be [do; d1;...; dy—1] and approximation vector D be [cfo; dis; JN_l].
The relative error of d; and d; is defined as %, where € is a sanity bound in charge
of preventing small data values from dominating the relative error. Given an error bound
A > 0, we say that approximation vector D is a A-approximation on maximum relative

errorif% < Aholdsfor0 <¢< N —1.

Let A = [Ag;...; An—1] where A; = max{|d;|,e}A for 0 < i < N — 1. Clearly, A
can be obtained from D, A and sanity bound e.

Therefore, finding unrestricted synopsis .S, from D on maximum relative error A can
be described by using A. As depicted in Algorithm 3, the F’.-Shift algorithm computes
unrestricted synopsis ;. from bottom-up on data vector D and A: Coefficient c; (1 > 0)
needs to be shifted if the range (s;,5L) on the left subtree of T'(c;) and the range (s, Sgr)
on the right subtree of T'(¢;) does not share a common element.

To answer why Algorithm 3 works, we need to extend the concepts such as A-bound or
s-bound to fit relative error A. Relevant to s-bound or s-unbound, we have the concepts
on relative error.

Let 7" = T(¢;) be a subtree of error tree T rooted at node ¢;. Subtree T” is A-bound if
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|d;] < Aj; holds for each d; of T"; Subtree 1" is r-bound if ®
() (dj = Ajdj+ Ay) #0 (13)
d;eT’

holds or else T” is called r-unbound. Subtree T" is called r-unbound if T’ is r-unbound
but its left subtree 77 and right subtree T, are both r-bound. Intuitively, when 7" is r-
unbound, then there exists an s;-shift transformation such that 7" (s;) is r-bound. When T’
is r-bound but not A-bound, then there exists an sq-shift transformation such that T'(s¢)
is A-bound. These properties is detailed in Property 6.1, which is parallel to Property 3.8
and Property 3.6(iv) for the case of absolute error.

PROPERTY 6.1. Let T' = T(c;) be a subtree of error tree T rooted at node ¢; (i > 0)
and A be a given relative error bound.

i.. If T is r-unbound for A, then there exists s; such that T'(s;) is r-bound.

ii.. If error tree T' is r-bound but not A-bound, then there exists sy such that T(so) is
A-bound.

iii.. If T(c;) is r-unbound for A, then T(c;) NS # 0 holds for any synopsis S.

PROOF. The proof of (i). Let 7] and T, be the left and right subtree of 7" respectively.
Since T” is r-unbound for 5 Ti and TI’% are r-bound for A. Therefore, according to
Equation (13), there exist values s; and s, satisfying

dr, — Ap < sy <dp+Ap foreachdy € Ti,

dr — Agp < s, <dr+ Ap foreachdr € T},
Let s; + s, = 2sand s; — s, = 2s;. Then s; = s + s; and s,, = s — s;. Substitute them
into the above equations and we have:

dr, —si —Ap <s<dp—s;+Ap foreachd; € T}, (14)
dr+ s, —Ap <s<dr+s;+Ag foreachdpr € T},.

That is, T'(s;) is r-bound for A from the definitions of 7-bound and shift transformations.
The proof of (ii). According to Equation (13) and since 7' is r-bound, there exists value
S such that

dj—Aj <80<dj+Aj

holds for for each d; € T. That is, T'(so) is A-bound as —A; < d; — sy < A; holds for
eachd; € T.

The proof of (iii). Otherwise, we assume that there exists a synopsis S such that 7'ns =
() holds. Since T"(S) is A-bound,

—Ap <dj — Z 5ij8j < Ay
ciepath(c;)ns;eS

holds for each dy, € T'(¢;). The above Equation implies that

t e m (dk —Ak,dk+Ak)
dr €T (c;)

81t should be noted that the concept of 7-bound extends the concept of s-bound. That is, when Ag = Ay, holds
for each Ay of A, it can be proven that T'(c;) is r-bound if and only if T'(c;) is s-bound.
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fort = > di;5;. Therefore, Equation (13) holds for T'(¢;) and is contradic-
cj epaﬂ’l(c,;)/\sj cs
tory to the hypothesis that T'(¢;) is r-unbound for A. Thus, the result is proven. []

Similar to the F-Shift algorithm, the F}.-Shift algorithm also constructs a synopsis from
do up to dy_1 gradually onwards (lines 3).

Line 5 — 17 constructs f = (2k,s,5) from f; = (k,s;,5;) on the left subtree and
fr = (k, sy, 5;) on the right subtree. Line 6 — 10 is the part that converts an r-unbound
subtree into an r-bound one through using a “fixed” value. In this case, the shift value is
b= (s; — s,)/2 where s; = (s; +57)/2 and s, = (s, + 5,)/2. Refer to the value s; in
Equation (7). 5 and s are computed from Line 8 and 9 respectively when a shift is required.
Otherwise, 5 and s are computed from Line 12 and Line 13 respectively. Roughly, (s, ) is
the intersection of (s;,5;) and (s,,5;) with/without a shift transformation.

With Property 6.1, it can prove that the F,.-Shift is a (log N)-approximation algorithm
and has O(NN) and O(log N) complexities on time/space respectively. In fact, the F'-Shift
algorithm is a special case of the F;.-Shift algorithm in which A = A; for0 <i < N — 1.

Clearly, parallel to the S-Shift algorithm, the S,.-Shift algorithm, the optimal version of
F.-Shift, can be developed by using this paper’s idea.

7. OTHER APPLICATIONS

In this section, we will extend our methods to other applications. We first illustrate how to
construct unrestricted bucket bound synopses through the Shift algorithms. We then briefly
discuss the construction of multidimensional wavelet synopses on error-bound.

On unrestricted bucket bound synopses. Karras et al [10] have provided a method on
constructing unrestricted bucket bound synopses through finding error-bound synopses.
The Shift algorithms can also be extended to construct bucket bounded synopses through
calling the shift algorithms repetitively under different A values.

Let S(A) denote the synopsis that constructed from S-Shift algorithm on data vector D
under error bound A. In order to construct bucket bounded synopsis B, we need to find
Amax and A, such that

‘S(Amax” S |B| S |S(Amin)|- (15)
According to Property 3.3, Equation (15) holds for the following A, and Apy,:

Amax is the largest value of {|d;| | d; € D},
Apnin i8 the (|B| + 1)th-largest value of {|c;| | ¢; € Wp}.

We then do a binary search between A, and A, to find a A for synopsis B. The
time cost of this approach is O(N 10g(Amax — Amin)) by using the shift algorithms. The
detailed test evaluation results of this approach are provided in Section 8.5.

On multidimensional wavelet synopses. The shift method mentioned in this paper can
also be extended to construct multidimensional wavelet synopses under a given error bound.
There are two common methods in building multidimensional Haar wavelet synopses,
namely standard and non-standard methods. The standard method is a generalization of the
one dimensional Haar wavelet construction. The non-standard method processes dimen-
sions alternatively. To construct an error bound wavelet synopses, we use the non-standard
synopses construction technique proposed in [2]. For simplicity reason, we only demon-
strate how to apply the F-shift method on two dimensional wavelet synopses construction.
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Consider the original data as a two dimensional square array, the non-standard technique
constructs a wavelet synopsis through periodically process data in a 2 x 2 box. The av-
erages of data in each box form the lower-left quadrant of the original data, which will
be processed recursively. Apply F-shift method, we shift the original data in each box to
satisfy the 2A requirement, i.e. the data scope is less than A. Thus for each box, we com-
pute three coefficients directly from the original data. The lower-left data of a box records
the data scope of the approximation. We do this recursively on the lower-left quadrant,
until the number of data in the quadrant is 1. Details will be provided from the upcoming
technical report.
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Fig. 3. Distributions of various Data Sets

8. EXPERIMENTAL EVALUATION

In this section, we present some of our experimental results of the Shift algorithms to
illustrate their compression quality and time efficiency. We compare the results to those
achieved with the restricted error bound synopses construction algorithm in [12] and the
KSM algorithm in [10]. We also test the scalability and workability on the Shift algorithms.
All the algorithms are implemented in GNU C++ and all the experiments are performed on
an Intel Xeon 3.0GHZ Linux box with 2 GB memory.

Experiment Bed®. The experiments are conducted on two synthetic data sets and two real
life data sets. The two synthetic data sets, as depicted in Figure 3 (a) and (b), are Uni and
Zipf respectively with their values distributed in [0, 1000]. Uni contains values following
uniform distribution. Zipf contains values following zipf distribution with a zipf parameter
of 2.0, i.e. a highly skewed distribution. The two real data sets used in this section are
acquired from UCI KDD Archive [1]: TEM and EEG as depicted in Figure 3 (c) and (d)
respectively. TEM is sea surface temperatures extracted from the El Nino Data set, taken
from a series of buoys positioned throughout the equatorial Pacific. This data set is also
used in [10] for its experiments. EEG includes values, in microvolt (mV), acquired from
a large study to examine EEG correlates of genetic predisposition to alcoholism.  We
implement our two (log N )-approximate algorithms, the F-Shift algorithm (F) and the S-
Shift algorithm (S). As a reference, we also implement the optimal restricted error bound
synopses construction algorithm [12], denoted by R. For the KSM algorithm, we use the
source code that borrowed from the authors of [10].

9We also generate another moderate skew data set with values following normal distribution in our experiments.
The test results on this data set lies between that of Uni and Zipf. Due to space limitation, we will not report the
details in this version of this paper.
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8.1 Compression Quality

Since the size of synopses reflect the compression quality, we shall construct error bound
synopses for each of the algorithms F, S, and R and compare these obtained synopses
against the optimal one in this subsection. As stated in [10] that a smaller § in KSM
algorithm leads to a smaller sized synopsis under a sacrifice of construction time, we shall
use the synopses generated from KSM algorithm under smaller § as the substitutes of
optimal synopses. With this intention in mind, we tune ¢ such that the average construction
time on synopses by KSM is between 30 to 80 hours for each considered data set and
assume these generated synopses are quite close to the optimal in the experiments.

Figure 4 presents the experiment results on the four data sets. The value of A/ indicates
how we set § for KSM in each data set. In Figure 4, we choose the displayed range of error
bounds (A) to be practical in real situations'?. For example, on TEM data, the error bounds
are set from 1 to 3.5 due to the small standard deviation (1.91). Larger error bounds can
seriously blur the details of TEM and are quite undistinguishable.

As indicated in Figure 4, F and S achieve better compression quality than that of R.
S performs quite well since it generates similar sized synopses as that of KSM in many
cases. S also performs better than F, which supports our previous theorems that S' gener-
ates optimal shift synopses. We conclude that the two shift algorithms, especially S-shift,
demonstrate superb compression quality.

10Similar trends are discovered for other ranges
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Uni Zipf TEM EEG
R/KSM | 341 - 625 4367
FKSM | 012 [ 3x1073 [ 5x10°% [ 1x10°3
S/KSM | 001 | 1x1077 [ 4x10~% | 7x10°%

Table ITII.  Synopses construction time comparison

8.2 Time Efficiency

Unlike the running time of F, S and R that solely depends on N, the running time of
KSM is also heavily related to (A/§)?: A big & results in a quick construction with poor
compression quality while a small § results in a slow construction with a good compression
quality. In this subsection, we evaluate the synopses construction time under a fixed error
bound (A) and various ¢ values on KSM. From the following discussion, we conclude that
the two shift algorithms, especially S-shift one, can be 1 ~ 7 orders of magnitudes faster
than KSM algorithm when constructs a similar quality synopsis.

Figure 5 shows the synopses construction time on the four data sets. KSM demonstrates
a trade-off between construction time and synopses sizes. Table III lists the construction
time ratios with KSM upon constructing similar sized synopses. It indicates that R is far
more slower than KSM on constructing a similar quality synopsis. The shift algorithms, F
and S both perform better than KSM under a smaller ¢. That is, when constructs a similar
quality synopsis, F improves the synopses construction time 1 ~ 4 orders of magnitudes.
S improves the synopses construction time 2 ~ 7 orders of magnitudes. This can be
explained from O((5)N) time complexity on smaller 6. Besides, termed as TM data
set, the TEM data set is also used in Figure 8(a) of [10]. When constructs synopses for
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0 = 0.1 on the TEM data set, Figure 5(c) shows that KSM requires no more time than that
of indicated in Figure 8(a) of [10].

It is also interesting to note that the performances of F and S are especially well when
constructing synopses on data sets with skewed distribution.
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8.3 Scalability

To evaluate the time and compression quality performance trends of F and S on large
data sets, the scalability test is twofold: (A) evaluating the synopses construction time on
various data sizes and (B) assessing the compression quality (synopses size) on various
data sizes. For the KSM in (B), we set small § values as we did in section 8.1 to generate
near optimal results. We omit the tests of R in this part.

Figure 6 presents the results for (A). It shows that the running time of F and S keeps a
straight line and scales well with larger data sizes. In these tests, both shift algorithms can
generate arbitrary error-bound synopses in less than 1 second, even for very large data sets
with up to 2!8 values.

Figure 7 presents the results for (B). It shows that the shift algorithms have good com-
pression quality on various data sizes. The S performs especially well as we can hardly
distinguish it from the near optimal results generated by KSM in all our experiment results.
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Fig. 8. Approximation of the EEG Data set

8.4 Workability

Our last test focuses on the workability of our two shift-based algorithms. As mentioned
early, one application of our techniques is to compress the time series data acquired through
clinical operations. The generated synopses will be used to reconstruct the original data
values under some error bounds. We use the synopses generated by S to reconstruct the
original data. Specifically, the synopses reconstruct the EEG data set. Figure 8 shows the
reconstructed approximation data of the EEG data set where the two synopses have error
bounds 5 and 20 respectively. Obviously, the two reconstructed data set are quite similar to
the original data set, while the synopses size is only 10% to 0.6% of the original data size.
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8.5 Test on Bucket Bound

In this subsection, we will demonstrate the compression quality and efficiency of our ap-
proach on the generation of Bucket Bound Synopses.
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Fig. 9. Time costs on constructing bucket bound synopses.

As discussed in Section 7, the Shift algorithms can be used to construct unrestricted
bucket bound synopses indirectly. Let denote the indirect algorithm based on F-shift and
S-shift as IF and IS respectively and denote the IndirectHaar(B) algorithm of [10] as IKSM.
Figure 9 shows the time costs and the achieved maximum error when construct the syn-
opses of size 2048 on data set TEM and the synopses of size 4096 on data sets EEG. For
example, when construct a 2048 sized synopsis on data set TEM, the IS algorithm takes
around 2 seconds with maximum error A = 1.205 while the IKSM algorithm will take
around 250 seconds for the same maximum error (§ ~ 0.03). However, the IKSM algo-
rithm can achieve a better compression result: A smaller maximum error A = 1.2 but with
a higher time cost (around 2500 seconds).

Furthermore, under the same & value, we observe that the running time of KSM and
IKSM are quite close through the comparison with Figure 5(c)(d). Since the time com-
plexities of KSM and IKSM are O((%)2N) and O((5)2N log N) respectively, this ob-
servation implies that the value of (A/§)? can be significant on the time cost in reality.
This observation also enhances the claim we made in Section 8.2.

8.6 Summary

In general, all the experiments indicate that the Shift algorithms construct small size of
synopses for both synthetic and real data sets. The S-Shift algorithm is especially efficient,
in terms of synopses size. Moreover, both Shift algorithms construct synopses in less than
0.1 second, even when the size of original data reaches up to 2'8. This demonstrates that
our algorithms are efficient and practically capable for large data sets.

9. CONCLUSION

In this paper, we have proposed two new algorithms for constructing the unrestricted error
bound synopses. The algorithms are highly practical, cheap to run and generate smaller-
sized synopses. Of the two shift algorithms, as we have previously mentioned, the F-Shift
algorithm can compress stream data directly.
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However, the paper leaves many attractive open problems to be answered in the future
work. There exist gaps between F-Shift and S-Shift algorithms: If better compressing
outcomes can be achieved through using other fixed values rather than the ones that used
in F-Shift? Besides, it is still not clear how to find U-optimal synopsis S,, more efficiently.
Our future work will consider these problems.

Acknowledgments: The authors would like to thank Panagiotis Karras for his generous
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